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Abstract 
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plitudes to all orders in planar perturbation theory. For more general classes of marginal 
deformations, the equivalence holds at up to four loops, and at hve loops it is likely to 
break down. This implies that the iterative structure of planar MHV amplitudes recently 
discovered by Bern, Dixon and Smirnov in P] for the A/” = 4 theory also manifests itself 
in a wider class of theories. 


We study perturbative amplitudes in a large class of theories obtained by marginal 
mations of the A/” = 4 supersymmetric Yang-Mills. We hnd that planar amplitudes 
deformed theories are closely related to planar amplitudes in the original A/" = 4 
For some classes of deformations the amplitudes essentially coincide with the M = 


1 Introduction 


The last two years have seen a remarkable progress in developing new conceptual and 
calculational approaches to compute perturbative on-shell scattering amplitudes in gauge 
theory. Witten has proposed a duality between the maximally supersymmetric A/” = 4 
Yang-Mills theory and a twistor string theory [2]. This has stimulated wide-ranging 
progress in investigating scattering amplitudes in gauge theory at tree level and one-loop 
level, ranging from QCD to the A/” = 4 supersymmetric Yang-Mills, and using novel 
manifestly on-shell approaches - the MHV rules -|- generalized unitarity Oil, and the 
on-shell recursion relations UU- For a summary of recent results one can consult on-line 
talks in [2j. 

One of the exciting recent developments is the remarkable proposal of Bern, Dixon 
and Smirnov P] which applies to amplitudes in the A/” = 4 super conformal Yang-Mills 
theory. This proposal results in the formula which determines the structure of all n-point 
planar MHV amplitudes to all orders in perturbation theory. It follows that planar MHV 
amplitudes in the superconformal A/” = 4 Yang-Mills have an iterative structure, such that 
the kinematic dependence of all higher-loop MHV amplitudes can be determined from the 
known one-loop results. The main motivation of the present paper is to study how this 
result can be carried over to a wider family of gauge theories obtained by deformations 
of the A/” = 4 Yang-Mills. We will be mostly interested in the marginal deformations of 
the A/” = 4 studied earlier in iHiiniiini and we will also mention some known results m 
about orbifolds and orientifolds. 

The proposal made in pp gives an exponentiated ansatz which predicts the hnite part 
of n-point planar MHV amplitudes in the superconformal A/” = 4 Yang-Mills to all orders 
in planar perturbation theory. The form of this ansatz is largely dictated by explicit 
three-loop calculations of four-point amplitudes carried out in P], and is also based on 
earlier work naiisiiiiiiisi- Importantly, it is also consistent with known results about 
exponentiation of IR divergencies unmaiiHi in a generic massless gauge theory. 

A/” = 4 SYM in the conformal phase is in many respects a special theory: as a held 
theory it is maximally supersymmetric, conformal and SL{2, Z) self-dual. It also has a 
dual string theory description naEni provided by the AdS/CFT correspondence. From 
the perspective of the on-shell amplitudes it is not clear at present which of these features 
(if any) are responsible for the iterative structure uncovered in pp. This makes it partic¬ 
ularly interesting to investigate the amplitudes in theories related to the A/” = 4 SYM but 
with lower degree of symmetry. 

There are at least two distinct ways of deforming the A/” = 4 superconformal Yang- 
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Mills theory to obtain another gange theory with a lower degree of (snper)-symmetry. 
One class of interesting deformations is the orbifold projection m of the A/” = 4 SYM. 
Orbifolding involves imposing a discrete projection operator on the parent A/" = 4 theory. 
This procednre modifies the field content of the theory: only the fields which are invariant 
under a discrete symmetry subgroup of the original theory are retained and other fields 
are projected out. Deformations of the A/" = 4 SYM by orbifolding reduces the amount 
of supersymmetry in the daughter theory to A/” = 2, A/” = 1 or A/” = 0. Remarkably, it 
was shown in m that in the large N limit the parent and the daughter theories are per- 
turbatively equivalent^. This implies that planar perturbative amplitudes in the orbifold 
projections of A/” = 4 have exactly the same iterative structure as the one uncovered in 
P for A/” = 4. 

Another method is to deform the A/" = 4 SYM by orientifolding | 221 - The resulting 
orientifold daughter theory is a non-supersymmetric Yang-Mills with the SU{N) gauge 
held plus 6 adjoint scalars and 4 Dirac fermions transforming in the (anti)symmetric 
representation. This theory is conformal at large N and the planar equivalence with the 
A/" = 4 SYM is expected to hold in this case also non-perturbatively.^ 

The second (and more non-trivial) way of modifying A/” = 4 is to deform it by adding 
marginal deformations to the Lagrangian. This leads to a conformally invariant 

theory with a lower M = 1 supersymmetry. The marginal deformations provide a much 
richer structure of deformed theories compared to orbifold projections. There is now a 
continuous family of deformations and the original A/” = 4 SYM corresponds a point on 
the moduli space of the deformed theories [Hj. In this paper we will investigate relations 
between planar perturbative amplitudes in the A/” = 4 and in its marginal deformations. 
For related perturbative calculations of off-shell correlators in /3-deformed theories see 

1231211123 • 

The paper is organized as follows. In Section 2 we collect some known facts about 
the A/” = 4 supersymmetric Yang-Mills and its marginal /3-deformations. In Section 3 we 
discuss a special class of such deformations, which is characterized by a real deformation 
parameter (3 = In the large N limit these deformat ions form a one-real-parameter 
family of A/" = 1 conformal gauge theories. We prove that all planar amplitudes in these 
theories are equal to the corresponding amplitudes in the original A/” = 4 theory (times 
an overall phase factor which we determine). The proof holds to all orders in planar 
perturbation theory and applies to all amplitudes (MHV and non-MHV and for any 
number of external legs). This implies that the iterative structure of A/” = 4 amplitudes 

^Non-perturbative large N equivalence of orbifolded theories is still a matter of debate [2I1I221 
thank Adi Armoni and Lance Dixon for useful comments on orbi- and orientifolding of the A/" = 4. 
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P] is carried over to the family of theories deformed by f3ii- Section 3.1 hrst illustrates how 
this proof works for some specific diagrams, and in Section 3.2 we give a more abstract 
general proof of the planar equivalence using star-products. 

In Section 4 we consider more general marginal deformations with deformation pa¬ 
rameters being complex. We show that all planar amplitudes in the deformed theory 
match those in the A/” = 4 SYM up to and including the four-loop level. At five loops, 
however, we hud a mismatch which very likely will result in a breakdown in the iterative 
structure of planar amplitudes in the general deformed theory at five loops and beyond. 
We present our conclusions in Section 5. 

2 Conformal deformations of A/^ = 4 SYM 

Our starting point is the A/” = 4 supersymmetric gauge theory. In terms of A/" = 1 
superfields, the superpotential of the theory is 

ig Tr( 4 )i 4 > 24>3 - 4 >i<h 3 $ 2 ) ( 2 . 1 ) 

Here <h’s are three chiral superhelds transforming in the adjoint representation of the 
gauge group. In components, the A/” = 4 Lagrangian reads: 

C = Cb + Cf ( 2 . 2 ) 

where 

Cb = Tr <I),][I>\ ¥] + $4^ (2.3) 

and 

£/ = Tr - v(lK + [A‘, A‘]4,) + |(eW''[Ai, + em[A‘, A']4‘) j 

(2.4) 

We use A = 1 ,..., 4 and i,j,k= 1,..., 3, such that <I>i are the three complex scalar field 
components of the chiral superhelds and Xi are their fermionic superpartners. The 
fourth fermion A 4 is the superpartner of the gluon. The SU{N) generators are normalised 
as Tr (T“T^) = 5“^. 

We now turn to discuss marginal deformations of this theory. There is a 3-complex- 
parameter family of such deformations which preserve M = 1 supersymmetry jH] . These 
deformations are described Q, i by replacing m with the superpotential 

ih Tr(e*^^<I)i<I' 2 <I >3 - e"*^^<I'i<I) 3 <I' 2 ) + ih' Tr(<I'? + <I>^ + "h^) (2.5) 
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At the classical level the deformations are marginal (since all operators in the component 
Lagrangian have classical mass dimension four) and the deformed theory is parameterized 
by four complex constants, h, h', (3, r, with r being the usual complexihed gauge coupling. 
At the quantum level, this deformation is not exactly marginal since the operators in (jZHl) 
can develop anomalous dimensions. Using constraints of A/” = 1 supersymmetry, and the 
exact NSVZ beta function approach [21], Leigh and Strassler [Hj made an important 
observation. They showed that the deformation (|23|) is marginal at the quantum level 
subject to a single complex constraint on the four parameters, jlh, h', f3,T) = 0. Here 
the function 7 is the sum of the anomalous dimensions 7 * of the three helds $*, so that 
7 = Ei=l, 2 . 3 7 j. This constraint implies that there is a 3-complex-dimensional surface 
'y{h, h', / 3 , r) =0 of conformally invariant Af = 1 theories obtained by deforming Af = 4 
SYM. 

In this paper we set h' = 0. In this case, the deformed theory preserves a global 
U{1) X U{1) symmetry, 

17(1)2: (<I)i,<l' 2 ,<I' 3 ) 

where are chiral Af = 1 superfields. 

At present, the complete solution of the Leigh-Strassler constraint, 

7 (h,/ 3 ,r )=0 (2.7) 

is unknown, i.e. the function 7 = h', (3 ,t) in ()2.7j) is unknown beyond the 

two-loop order in perturbation theory |2|. One approach, followed in |2Z|, is to work to 
the leading order in perturbation theory in deformations, in which case 7 is known. This 
motivated the authors of |2Z| to expand the factors in (EHj) and to work to the 

first order in all deformations. We will follow a slightly different approach which does 
not require to expand the /^-dependent factors. We will discuss a hxed-order in h and g 
perturbative treatment of general conformal deformations in Section jU 

But hrst we consider in Section [^ a restricted class of deformations which will allow 
us to work to all-orders in perturbation theory. 

3 Planar amplitudes in real-/? deformations 

Here we restrict the general deformation (ESD to the ‘phase-deformation’ previously con¬ 
sidered also by Lunin and Maldacena in PI- We set h = gf, Y = 0 and keep [3 real. 


(<I)i,e*‘^i<I>2,e-*‘^id>3) 

(e-'^^<I)i,e*‘^^<I)2,<I>3) (2.6) 
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/? = G R. The deformation of the superpotential of the A/" = 4 theory then reads 

i5(Tr($i<h2<h3 - <hi<h3<h2) ^ i5fTr(e*’"^«<hi<h2<h3 - e““^^<hi$3<h2) . (3.1) 

This superpotential preserves the A/” = 1 supersymmetry of the original A/" = 4 SYM 
and leads to a theory with a global U{1) x 17(1) symmetry (I2.t)j) . Less obvious is the 
fact (hrst proven in Ref. [23]) that (I3.1|l describes an exactly marginal deformation of the 
theory in the limit of large number of colors. As a by-product of our general discussion of 
planar amplitudes, in Section 3.2 we will reproduce this result of [231 and show that the 
planar perturbation theory of the deformed model is conformal, and the corresponding 
Leigh-Strassler constraint is satished at leading order in the N ^ oo limit. 

The main goal of this Section is to analyze scattering amplitudes of the theory de¬ 
formed via (jUD to all orders in planar perturbation theory, (and to all orders in Pn) and 
specihcally compare them to the corresponding amplitudes in the original A/” = 4 SYM. 

Lunin and Maldacena pointed out PI that the deformation of the superpotential m 
can be viewed as arising from a new dehnition of the products between all helds in the 
A/" = 4 Lagrangian, 

f*g = ^32) 

where fg is an ordinary product and are the 17(l)i x 17(1)2 charges of the 

helds (/ or g). The values of the charges for all helds are read from (12.611 : 


4*1 (4*1, Ai) : 

(Qi, Q2) 

= ( 0 .- 1 ) 

(3.3) 

4*2 (4*2, A 2 ) : 

{Qi, Q2) 

= ( 1 . 1 ) 

(3.4) 

*^3 (*^ 3 ) -^3) : 

{Qi, Q2) 

= (- 1 . 0 ) 

(3.5) 

V{A„X,) : 

{Qi, Q2) 

= ( 0 . 0 ) 

(3.6) 


and for the conjugate helds (<hi and Aj) the charges are opposite. 

For example, to calculate the star-product of three helds, <Fi * $2 * $ 3 , we hrst hnd 
$2 * $3 = e*^^^^°+^^<F 2 ‘h 3 using (I3.3jl . (l3.4jl . (l3.2|l . Then $1 * <F 2 * $3 = $1 * = 

$i<|) 2 <F 3 e®'^ 7 H since the charges of the composite held <F 2 *h 3 are {Qi,Q 2 ) = ( 0 , 1 ), and as 
such cannot contribute to the last product. This implies 

Tr($i * <|>2 * <F 3 - $1 * <F 3 * $ 2 ) = Tr(e*^^^$i<F 24’3 - e“*^^^$i<F 3 <F 2 ) (3.7) 

and conhrms that the deformation of the superpotential Eq. m is induced by the star- 
product (Q. 

With the star-product (|S2D, the component Lagrangian of the /J^-deformed theory 
immediately follows from (iznD,(izi. Only the third term in ra and the last two 
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Figure 1: All (3n-dependent Feynman vertices in color-ordered perturbation theory. 
terms in (jZl change, such that in total we have 

+\A>yDp\^ - !9(|A4, A,]i‘ + |A*, A*]*,) + |(e«‘|A„ + e^ilA', 

(3.8) 

Here we introduced the /^^-deformed commutator of helds which is simply 

[/(. »lft, := e”®' f.3, - e-'®' g,/. . (3,9) 

and Pij is dehned as 

Pij = —fdji , (3i2 = —/3i3 = (323 '■= (dn ■ (3.10) 

It is now easy to see which of the Feynman vertices are affected by /dgj. All /dgj-dependent 
four-scalar interactions are contained in the term 

(3.11) 

The hrst and second terms on the right hand side give the color-ordered Feynman vertex 
depicted in the hrst diagram in Figure 1. The /d^-independent third and fourth terms in 
(inn) contribute to the hrst diagram in Figure 2. The remaining four-scalar interactions 
in fj3.8j) are determined by (1/2)[<Fj, !>*][$d)-^], and do not depend on (3. All the (3^- 
independent cj)'^ interactions are given by the three color-ordered vertices in Figure 2. 

The only remaining /?gj-dependent interactions are the Yukawa interactions - the last 
terms on the right hand side of Eq. (jIHl). They give color-ordered Feynman vertices 
depicted in the second and third diagrams in Figure 1. 
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Figure 2: j3 ^-independent 0^ color-ordered vertices. 

3.1 Planar amplitudes 

Employing Feynman rules derived above we can make the following statements about 
scattering amplitudes in the /d^-deformed theory. 

1. Any Feynman vertex involving a gluon, g, or a gluino, A 4 , A 4 , is unmodihed. These 
vertices plus the three scalar interactions in Figure 2 give the complete set of the 
/dfl-independent vertices. 

2. Three vertices in Figure 1 are the only vertices which depend on the deformation 

parameter For a Feynman diagram in the /d^j-deformed theory to agree with 
the corresponding diagram in the A/” = 4 SYM, it should either not contain these 
three types of vertices, or the phases introduced by these vertices should mutually 
cancel. Note that the phase depends on the order of the fields in the color-ordered 
vertices, for example the vertex of the type AiA 2 *F 3 ~ while the vertex 

A2Ai$3 ~ 

3. All tree-level amplitudes in the deformed theory coincide with the corresponding 
amplitudes in the A/” = 4 theory up to a multiplicative constant factor. This constant 
depends only on the particle types in the external lines, and not on the internal 
structure of the diagram. 

4. Tree-level and one-loop amplitudes with only gluons on the external lines are trivially 
identical to those in A/” = 4. This also applies to amplitudes with external g^s, A 4 ’s, 
and A 4 ’s. 

5. Beyond one-loop, non-planar diagrams of the /d^-deformed theory in general can 
contain non-trivial phase factors which depend on the structure of internal lines of 
individual diagrams. 
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6 . A key point which we will prove below is that the total phase factor associated with 
any given planar amplitude is entirely determined by the external lines and does 
not depend on topologies and types of internal (loop) interactions. In other words, 
any planar loop amplitude in the /^^-deformed theory is equal to the corresponding 
amplitude in the original A/” = 4 SYM times an overall external phase factor. In 
particular, this universal phase factor can be easily determined using star-products 
of external helds (as will be explained in Section D, or it can also be read off the 
corresponding tree-level amplitude, if it is non-vanishing. 

7. It also follows that MHV amplitudes to all orders in planar perturbation theory 
are proportional to the corresponding tree-level amplitudes. The /^^-dependence of 
these planar all-orders amplitudes is entirely contained in the tree-level amplitude 
prefactor. 


We start by considering planar multi-loop amplitudes with only gluons and gluinos: A 4 
and A 4 on the external lines. From the comments above it follows that these amplitudes 
in the deformed theory should be the same as in the original A/" = 4. 

To verify this statement we hrst consider such diagrams where the /d^-phases are 
carried only by the 4-scalar interactions - the hrst vertex in Figure 1. What distinguishes 
this vertex from the rest of 4-scalar vertices (of Figure 2) is that it is of the alternating 
i — j — i — j type (compared to the consecutive i — i — j — j structure of three vertices 
in Figure 2). This index structure of the four scalar vertices is illustrated in Figure 3. 
It follows that only the /d-dependent hrst vertex in Figure 3 corresponds to intersecting 
index-lines. In this sense the /^^-dependent vertex is ‘non-planar’. 



Figure 3: Index-lines representation of the four scalar vertices. The first diagram repre¬ 
sents the flu-dependent first vertex in Figure 1. The remaining three diagrams correspond 
to the three vertices in Figure 2. 

Since gluons cannot join together scalar helds of two diherent havors, i and j, the hrst 
vertex can appear either an even number of times, or it must be accompanied by a non- 
planar crossing. In planar diagrams, we can form closed planar chains of 0^ interactions 
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Figure 4: Example of a 2-loop diagram contributing to the four-gluon amplitude. Red 
dots denote two betaR-dependent Yukawa vertices. Their phases cancel and the total 
contribution is Pn-independent. 

and discover that all the individual phases cancel each other leaving us with the A/” = 4 
result. 

Now we add diagrams with the /^^-dependent Yukawa interactions. It can be shown 
that all individual phases will precisely cancel each other for planar amplitudes with 
external gluons, leaving behind the Af = 4 expression. Instead of verifying this result 
on a diagram-by-diagram basis, in the following section 18.21 we will prove it in general 
using properties of star-products. But it may be instructive to hrst illustrate this phase 
cancellation with a simple example. Consider a 2-loop planar diagram with external gluons 
depicted in Figure 4. There are two deformed Yukawa vertices in this diagram. The top 
vertex is AiA 2 ‘F 3 ~ ge^'^hi 2 ^ the bottom vertex is A2Ai4’3 ~ ge^^^^^ ~ 

The two phase factors cancel each other and the diagram is /d^-independent, as advertised. 
Discussion of general diagrams is deferred to Section 13.21 

When external lines include helds from <hj supermultiplets, the phase-dependence will 
remain. Nevertheless, at planar level, this dependence can be completely hxed by the 
external lines conhguration in the following way. For every n-point planar color-ordered 
amplitude write down a factor of Tr(Fi * F 2 * ... * F^) where Fi denote all external 
helds in An 

An{Fi, F 2 ,..., Fn) : Tr(Fi * F 2 * ...* Fn) = [phase(/3fl)] x Tr(FiF 2 ... F„) (3.12) 

Then the /d^-phase of the amplitude is equal to the [phase(/d^)] of this star-product (see 
Section D. 

To illustrate this, we consider hrst two simple MHV planar amplitudes with four 
scalars, 2l4(<Fi, $ 2 , 4>i, $ 2 ) and A 4 (<Fi, $ 2 , $ 2 , 4’i)- The /^^-dependence of the hrst ampli- 
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$1 $2 ‘ 3 E >1 $2 



Figure 5: Two examples of 1-loop contributions to MHV amplitudes with four external 
scalars. The amplitude on the left is {d-dependent, 744($i, <l> 2 , ^ 2 ) ~ In the 

second amplitude, y44(<l>i, $ 2 , 5*2, 5*1) ~ 1, the phases cancel. 

tude is determined via: 

Tr($i * $2 * $1 * l> 2 ) = Tr(<Fi<l' 2 i>il' 2 ) (3.13) 

and of the second, via: 

Tr($i * $2 * $2 * 5>i) = 1 Tr(<l)i$ 2 $ 2 *hi) (3-14) 

Examples of diagrams contributing to these amplitudes are shown in Figure 5. It is 
easy to see that both /^^-dependent Yukawa vertices contribute each for the first 

diagram, and times for the second one. Hence, H 4 (<l>i, <F 2 , 4>i, $ 2 ) ~ 

and H 4 (<I)i, <F 2 , 4*2, "hi) ~ 1, in agreement with Eqs. (I3.13|1 . (I3.14D . 

We can further consider Next-to-MHV amplitudes with six scalars, depicted in Fig¬ 
ure 6. The phase-factors associated with each of these diagrams are again in complete 
agreement with the general rule Eq. (jSH. 

3.2 All-orders proof based on star-products 

In this section we present a proof of the assertion that the /^^-dependence of a planar 
amplitude, y4„(Fi,..., F„), is entirely determined by the conhguration of external helds 
Fi,... Fn via Eq. (I3.12j) . 

We will rely on the fact the reah/d^ deformation we are studying is equivalent to the 
deformation by the star-product Eq. (HI. The fact that the loop structure of planar 
diagrams does not affect the total phase-factor induced by star-products, is a well-known 
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$2 $3 *^2 *^3 



^3 ^2 ^3 *^2 


Figure 6 : Two examples of Next-to-MHV amplitudes with six external scalars. The am¬ 
plitude on the left, 74 ($i, i> 2 , $ 3 , $i, $ 2 , 5 * 3 ,) ~ and the amplitude on the right, 

$ 2 , $ 3 , $ 1 , $ 2 , $ 3 ,) ~ 

result in quantum field theories formulated on noncommutative spaces, iHEiEiiinni How¬ 
ever, the noncommutative product (HD which leads to the /^^-deformed theory, is dehned 
differently from the Moyal star-product used in noncommutativity hence the proofs of 
planar equivalence presented in isHiEniiHn! require a modification, which we now present. 

Each color-ordered vertex in Feynman perturbation theory can be represented by the 
corresponding term in the classical Lagrangian, e.g. Tr(<Fj$jd)j$j), or Tr(AjAj$fc), or in 
general Tr(FiF 2 ... F„) where n is 3 or 4. In the /d^-deformed theory, this expression 
involves star-products, Tr(Fi * F 2 * ... * Fn). Any two vertices connected by a propagator 
at tree-level can be represented by a single effective vertex, as shown in Figure 7. By 
this we mean that the total phase factor of the connected tree diagram made out of these 
two vertices is equal to the phase factor of the effective vertex. Indeed, using the fact 
that each vertex V in Figure 7 has a vanishing total Q-charge and the associativity of the 
star-product, we have 

VnVm = {Fj * ... * Fi * Fj) {Fj * Fk * ... * Fi) (3.15) 

= (Fj * ... * Fi * Fj) * [Fj * Fk * ... * Fi) = [Fj * ... * F)) * (F/ * Fj) * (F7 * ... * F)) 

but since Fj and F/ have opposite U(l) charges, we have Fj * Fj = 1 FjFj ~ 1 and this 
implies 

VnVm {Fj * . . . * Fi * Fk * . . . * Fi) = Vn+ni -2 (3.16) 

Hence an arbitrary tree amplitude has a phase factor which can be read of the single 
effective vertex using the rule above. This verifies the statement in item (3) in the previous 

^This analogy with noncommutativity has already prompted the authors of m to state that planar 
amplitudes in the bH-deformed theory are same as in the original A/” = 4, see their Section 4. 
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F^ Fk 



Figure 7: At tree level all vertices can be joined together into an effective vertex without 
changing the total Pu-phase of the diagram. F’s denote generic component fields. We use 
the bar in Fj to emphasize that this field has opposite Q-charges to the Fj field on the 
other end of the internal propagator. 



Figure 8: Reduced planar loop diagram is given by the corresponding effective tree-level 
vertex with self-contraction. Planarity implies that none of the (external and internal) 
lines can intersect. Reduced diagram has the same fin-phase as the original Feynman 
diagram. 

section. 

Now we generalize to loops. Since a tree-level diagram can be reduced to an effective 
vertex, a loop diagram can be represented by such a vertex with self-contractions depicted 
in Figure 8. A planar loop diagram must contain no intersecting lines. It is easy to see that 
each planar self-contraction can be removed without affecting the total /d^-dependence of 
the diagram. This is because at the both ends of the self-contraction we have helds of 
the opposite charges, and these helds are positioned next to each other due to planarity, 
Fj * Fj ~ 1. Hence the phase-dependence of each planar diagram can be read off an 
effective tree-level vertex in agreement with Eq. (jSH. This completes the proof. 

We conclude that all planar amplitudes in the /^^-deformed theory are proportional 
to their W = 4 counterparts. Since, the A/” = 4 theory was hnite, this implies the UV- 
hniteness (or conformal invariance) of the deformed theory in the planar limit. 

It follows that the intriguing iterative structure of the planar MHV amplitudes in 
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A/" = 4 super conformal Yang-Mills uncovered in Ref. P] is carried over to the phase- 
deformed theory without modihcations and to all orders in perturbation theory. For 
generic MHV planar amplitudes, the entire /d^-dependence is contained in the tree-level 
prefactor. 

4 More general conformal deformations 

We now consider more general deformations of A/” = 4 which do not require (3 to be real. 

4.1 A non-supersymmetric generalization 

There is one simple class of extended deformations obtained by complexifying 13^ in the 
component Lagrangian (jIHl). The deformation parameter is now a complex-valued (3 

j3 = j3R + ix , /?K , X e R (4.1) 

The Lagrangian takes the same form as in (HHI), but the /d-deformed commutators (HI 
are written in terms of complex 

/3i 2 = ~/di3 = /323 := /3 G C , Ai = (4-2) 

We note that this theory (which can also be obtained by complexifying the star-product of 
component helds) is non-supersymmetric and is different from the Af = 1 supersymmetric 
deformations^ described by with complex /?. All the results of Section 3 including 
precise cancellation of (3 dependence in planar diagrams of gluons are carried over without 
modihcations to this complexihed family of deformations. Hence we conclude that there is 
a two-real-dimensional family of transformations of A/" = 4 which is nonsupersymmetric, 
but has exactly the same (up to an overall complexihed phase factor) planar amplitudes 
as the A/" = 4 theory to all orders in perturbation theory. 

This ‘planar equivalence’ of perturbative amplitudes in the non-supersymmetric de¬ 
formation and in the A/” = 4 parent, however, should not be interpreted as the large-Y 
equivalence of the two theories. The arguments of Ref. jHl] imply that generic non- 
supersymmetric /d-deformed theories are not conformal and generate a scale due to cou¬ 
plings with double-trace operators. This means that perturbative vacuum is not a true 
vacuum of the theory, and the ‘planar equivalence’ in the non-supersymmetric case should 
be viewed only as a formal relation between perturbative amplitudes. 

^In the W, which is the conjugate of the superpotential W in (1^ . we would have to use (3* which 
is the complex conjugate of /?■ However the non-supersymmetric theory with complex j3 depends 
only on (3 and not on (3*. 
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4.2 J\f = 1 supersymmetric /3-deformations 

The second class of more general deformations of A/" = 4 is described by the superpotential 

W = ihTr(e“^$i<h2<h3 - (4.3) 

Here h and (3 are complex parameters, and (3 is given in iH). For a generic deformation 
(Q which preserves conformal invariance of the theory only at the classical level, it is 
pretty clear that the deformations will not cancel from planar diagrams - they are not 
simple phases after all. But there may exist a condition on the parameters h and (3 for 
which such cancellations do occur at least in the hrst few orders of perturbation theory. 
Can this condition be identical to the CFT constraint (12ID? 

The goal of this Section is to show that this is indeed the case, and that in the deformed 
theory all planar amplitudes with external gluons are equal to those in the A/” = 4 SYM 
up to a hve-loop level. At hve loops and beyond we expect that planar amplitudes in the 
two theories begin to differ. 

The UV hniteness (or equivalently the conformal invariance) of the theory deformed 
by the superpotential 

w = /i ■S’?*?*”* (4.4) 

is guaranteed if the following condition [Hj is satished 

^2g^SiSiTg ( 4 . 5 ) 

Here all <F’s transform in the adjoint representation and Tr = N. The constraint (1131) 
follows from the one-loop hniteness of the theory, but it also automatically guarantees 
the UV hniteness of the A/” = 1 theory at two-loop level j^]. Hence, (14. 5 j) is the solution 
of the Leigh-Strassler CFT constraint dZID at the two-loop level. 

Our superpotential dH, corresponds to 

Cll! - h + e-“^) + - e'^^)) (4.6) 

and the two-loop CFT constraint (gH) gives mj® 

|/ip ^cosh(27rx) + ^cos(27r/?K) - ^cosh(27rx)^ = / (4.7) 

In the planar approximation we neglect 1/Y^ terms and the constraint simplihes, 

|hpcosh(27rx) = g'^ (4.8) 

®In deriving we used Eq. 631 and the properties of the SU{N) structure constants, = 

and d^bc^dbc ^ 
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Figure 9: Supergraph Feynman rules for (anti)-chiral superfields corresponding to the su¬ 
perpotential in Eg. (I13D and its conjugate. Arrows are outgoing for chiral <F and incoming 
for anti-chiral $ superfields. The propagator connects chiral to anti-chiral superfields of 
the same flavor. 

An important feature of the planar constraint ra is that it does not depend on and, 
furthermore, for real (3 it collapses to |h.p = g‘^. This verihes at the two-loop level the 
fact that the real-/3j{-deformation is an exactly marginal deformation in the planar limit 
- in agreement with the more powerful all-orders discussion given earlier in Section 3. As 
a bonus, we also see that subleading in 1/A^^ terms in (14.71) (which do not affect planar 
diagrams) do in fact depend on 

We are now ready to concentrate on the amplitudes with external gluons in planar 
perturbation theory, which is the main subject of this Section. These amplitudes can be 
organized in a simple way using supergraph Feynman perturbation theory. The relevant 
vertices are the trilinear® ones arising from the superpotential W in (BSD and its Hermitian 
conjugate TV. These vertices and the superheld propagator are shown in Figure 9. 

Our goal is to determine the dependence of planar multi-loop amplitudes on the cou¬ 
pling constant parameters g^ h and (3 in the deformed theory and to try to match it with 
the (/-dependence of the undeformed A/" = 4 amplitudes using the CFT constraint (j4.8j) . 
To achieve this we do not need to consider interactions with the M = 1 vector multiplet, 
only the matter (anti)-chiral fields, are relevant. This is because interactions with 

vectors depend only on the original coupling g and not on the deformation parameters (3 
and h. Furthermore, gluons and gluinos A 4 and A 4 do not change the flavor i of matter 

®These trilinear vertices give rise to Yukawa and the four-scalar component vertices as in Figure 1. In 
particular, the four-scalar vertex arises from a <i)<i)<i) vertex connected to a $$$ via a propagator of an 
auxiliary F field. 
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superfields <!>*, hence they are irrelevant for the matching to A/” = 4. 

Hence the relevant diagrams are the planar vacuum diagrams built solely from chiral 
$ 1 ^ 2,3 and anti-chiral 4 >i, 2,3 matter superhelds using super-Feynman rules of Figure 9. We 
will call them vacuum <F-diagrams. To reproduce the actual amplitude in the full theory, 
internal and external vector superhelds are supposed to be added in all possible ways to 
these effective vacuum ^-diagrams. However, this would not affect the overall dependence 
on the deformation parameters h and /?. 

The simplest vacuum <F-diagram with a non-trivial dependence on couplings occurs 
at the two-loop level and is shown in Figure 10. After summing over all allowed havors 



Figure 10: Planar vacuum ^-diagram at the two-loop level. After summing over all flavors 
in the loops the deformation parameters appear in the combination, |hpcosh( 27 ry;) = g^ 
via Eg. (gSl)- This matches with the A/” = 4 result. 

of <h circulating in the loops, one easily hnds that the total two-loop contribution is 
proportional to |hpcosh(27rx). The CFT constraint (I4.8|l guarantees that this matches 
precisely with the two-loop result in the undeformed A/” = 4 theory. 

This two-loop matching could have been easily anticipated. The dependence of the 
amplitude in Figure 10 on h and fl is the same as in the one-loop <F-self-energy contribu¬ 
tions shown in Figure 11. The latter give rise to the one-loop anomalous dimension 7 of 
$. The planar CFT constraint (gSl) arises from matching 7 in the deformed theory and 
to the A/” = 4 (where it vanishes). From Figure 11 we read the matching condition as 
2|hpcosh(27rx) = 2g‘^ which is precisely Eq. fj4.8|l . 

From this analysis we conclude that we can drop all self-energy insertions into multi¬ 
loop planar vacuum <F-diagrams of the deformed theory - these insertions will always 
match with the A/” = 4 result. Hence, we will neglect diagrams which include bubbles as 
subdiagrams. 

It is easy to see that one cannot form triangles using the Feynman rules in Figure 
9. Indeed, each holomorphic in 4) vertex can be connected only to an anti-holomorphic 
one. A triangle would necessarily involve two adjacent vertices of the same type. Having 
lost triangles and bubbles we turn to boxes as building blocks. The hrst vacuum diagram 
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$2 $3 




|/i|2g-2^X |/l|2e2^X 


Figure 11: Self-energy contributions at one loop involving deformed supergraph ver¬ 
tices. Total contribution of these two diagrams in the deformed theory is proportional 
to 2|/i|^cosli(27rx). 

involving boxes (with no self-energy contractions) occurs only at the five-loop level. It is 
depicted in hgure 12. Summing over all allowed flavors in the loops in Figure 12 we can 



Figure 12: Planar vacuum ^-diagrams without bubbles at five-loop level are made of boxes. 

hnd the total dependence of the hve-loop contribution on the deformation parameters. 
There is an overall factor of |h|® but the dependence on y is not of the form cosh^(27ry;). 
Hence the coupling constant dependence is not given simply by g^ and this does not match 
with the hve-loop amplitudes in the A/” = 4 theory. 

One has to be a little more careful with this conclusion since the expression (USD is 
not an exact solution of the CFT constraint, and it does in general receive perturbative 
corrections. In perturbation theory we can treat of g^ ~ |hp -C 1 and y ~ 1. Then we 
expect corrections on the right hand side of (BSD suppressed by powers of g or h. One can 
in principle solve the corrected constraint in terms of h order by order in g and substitute 
this solution for h into the bare superpotential dOl). This would amount to hne-tuning 
the bare deformation order by order in g. It is this hne-tuned theory which has to be 
conformally invariant [Hj. This hne-tuning is designed to force the anomalous dimensions 
and the beta-function vanish (thus removing UV-divergencies from planar amplitudes) via 
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cancellations between diagrams with different nnmbers of loops. It is however nnlikely 
that snch cancellations can repair the y-dependence of the finite parts of the n-point 
amplitndes with external glnons.^ 

5 Conclusions 

We have shown that there is a planar eqnivalence between pertnrbative amplitndes in the 
A/” = 4 theory and its varions deformations. 

This eqnivalence is pertnrbatively exact (i) for theories obtained from A/" = 4 by 
orbifold projections HH; (ii) for a one parameter family of marginal deformations 
considered in Section 3 and (iii) for complex non-snpersymmetric deformations considered 
in Section 4.1. In all these cases, the remarkable iterative strncture of planar MHV 
amplitndes proposed by Bern, Dixon and Smirnov for the A/” = 4 theory carries over 
withont modifications. 

For more general marginal deformations stndied in Section 4 the planar eqnivalence 
holds for np to five loops where it (very likely) breaks down. This fact is intrigning for 
two reasons: one is that the planar eqnivalence with the A/" = 4 theory holds all the way 
to fonr loops. And second, is the fact that even the original A/” = 4 all-orders proposal of 
PP was not checked explicitly beyond the three loop level. 

Conformal invariance of the theory is likely to play a role in explaining the nnderlying 
principles behind the iterative strnctnre of MHV amplitndes pQ. However on its own 
conformal invariance does not appear to be a snfficient reason for this behavior. It is 
tempting to specniate that the transformation properties of the deformed theories nnder 
the SL{2, Z) as well as the AdS/CFT correspondence will also play a role. 
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definitive answer would require an explicit calculation of all planar five-loop amplitudes with at 
least four external gluons, which at present is not feasible. 
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